Abstract. The purpose of this paper is to study a well-known technique for simplifying the pressure and velocity computations in models arising in reservoir simulation and metal casting. In both cases the domain of the pressure equation is changed. The equations considered are selfadjoint second order elliptic problems with coe cient functions representing the permeability of the porous media of concern. In the domain modi cation procedures, low permeability areas are either removed or inserted in order to simplify the computations. Using the theory of Sobolev spaces, we prove that the approximations converge toward the correct solution as the permeability tends to zero in the proper regions. Finally, we present a numerical experiment which indicates that the estimated rate of convergence is sharp.
1. Introduction. It is generally accepted that mathematical models of uid ow in porous media may be stated in terms of coupled partial di erential equations, see for instance Ewing 10 ], Peaceman 20] or Ni and Beckermann 19] and references therein. Usually, a pressure equation is derived by appealing to Darcy's law and conservation of mass. In this paper we will concentrate on the elliptic equation r (rp ? Q)] + f = 0 in IR 2 ; (1.1) which may be taken as a prototype of pressure equations arising both in models of oil recovery and metal casting. In (1.1) p represents the unknown uid pressure and is a second order mobility tensor incorporating various physical parameters such as the permeability of the medium and the viscosity of the uid. Furthermore, Q and f are given functions representing various physical data. A more detailed description of our prototype model and the parameters involved will be given in the next section.
Oil reservoirs will frequently contain low permeable zones. In these zones the Our aim in this paper is to show that both the simpli cation procedure used in reservoir simulation and the one used in metal casting work well. More precisely, we will prove that the solutions of the simpli ed problems converge toward the correct solutions as the permeability parameter tends to zero in the proper areas.
The rest of this paper is organized as follows: In the next section we describe a generic model problem covering both applications of interest. Thereafter we present our main results. Section 3 contains the necessary mathematical preliminaries and Section 4 contains the proofs of the convergence results. In Section 5 we derive the convergence results for the discrete case and supplement our theoretical results by a numerical experiment. Finally, we make some concluding remarks in Section 6 . 2. The model problems. As discussed above, the problem of approximating the solution of the pressure equation by changing the domain arises in several applications. We focus on two cases: oil recovery and metal casting, but clearly problems of this type will appear in a lot of models. We have not been able to nd any rigorous analysis of the method in the literature, although it is commonly used at least in reservoir simulation.
Since this technique appears in di erent applications, we will try to consider a somewhat generic model problem. To this end, we start by observing that the pressure equations arising in models of metal casting and oil-recovery, can be written in a common form. The pressure equation for oil reservoir models is usually written in the following form r (rp ? grD)] + q = 0 in IR 2 ; (2.1) see for instance Peaceman 20] . As mentioned above, p represents the unknown uid pressure and is a second order mobility tensor incorporating physical parameters such as the permeability of the medium and the viscosity of the uid. Moreover, the function D denotes the depth of the reservoir measured in the direction of gravity, while g is the gravitational constant and is the uid density. Depending on the exact de nition of , (2.1) may be taken as a prototype of the pressure equations for single-phase as well as multi-phase ows. For heterogeneous reservoirs, the mobility may have large variations and even discontinuities. Typically, can be piecewise constant, thus representing the e ect of di erent reservoir layers. The function q in (2.1) represents internal sources. Finally, the subscript indicates the size of the mobility in the low permeable zones of the reservoir. The precise use of this subscript is explained below.
Similarly, the pressure equation arising in models of mush regions in metal solidi cation can be written on the form (cf. Haug where again p denotes the unknown pressure, is a second order mobility tensor, is the density of the melt and g is the gravitational constant. Furthermore, H s represents the depth of the melt in direction of gravity, while p 0 is the atmospheric pressure. Moreover, the function k is essentially derived from the volume fraction of the liquid phase in the melt. Finally, the subscript denotes the order of arti cial mobility introduced in the solid zones of the mushy region. For further details on mathematical models of metal casting we refer to Haug, Mo and Thevik 14] and references therein.
In both models (2.1) and (2.2), we assume that the domain can be divided into two connected and open domains 1 and 2 such that = 1 S 2 and 1 \ 2 = ;. Furthermore, 1 and 2 are chosen such that the mobility is very low in 2 and O(1) in 1 . To clarify this point we let = (x) be a O(1) mobility tensor, and we assume that is constructed such that where 0 < 1 and (x) = ( i;j (x)) is a symmetric matrix with entries i;j : ! IR. Thus we have gathered the areas of low mobility in 2 , whereas 1 denotes the area of O(1) mobility. A prototypical domain of a problem of this type is shown in Figure 1 . The precise assumption on = (x) will be stated below.
With this notation at hand, we note that both equations (2.1) and (2. Clearly, for equation (2.1), f = q= , where, as mentioned above, q represents internal sources and is the density of the uid in question. One would not expect any wells in 2 , since the mobility is low in this zone, i.e. q = 0 in 2 . Based on these observations, we nd it natural to assume that fj 2 = 0 (2.5) throughout this paper. Equation (2.4) is our prototype of the pressure equation.
The boundary @ , which is assumed to be su ciently smooth, can be divided into two disjoint segments ? neu and ? dir . The pressure equation (2.4) Remarks.
1. In this paper we assume that there is only one subdomain 2 in the domain where the mobility is of order O( ). Of course, in real-world simulations there can be a number of such subdomains. The analysis presented in the present paper can be extend to the case of a nite number of subdomains with O( ) mobility. 2. In the present paper we consider two dimensional models. However, it should be noted that similar results hold in the case of three space dimensions. 3. Discrete versions of the results above will be given in Section 5. Until the numerical experiment presented in Section 5 we will be concerned with proving Theorems 2.1 and 2.2. Here @ =@x and @ =@y are the distributional partial derivatives of . The appropriate subspaces for our model problems, due to the boundary conditions (2.6) and (2. In order to get well-posed variational problems, which will be presented below, we will assume that 
Based on the discussion of the model problems in Section 2, the function f satis es fj 2 = 0. Furthermore, we will assume that (x) = ( i;j (x)) is a symmetric uniformly positive de nite matrix with entries in L 1 ( ). More precisely, there are nite constants m and M, independent of and x, such that 0 < m z T (x)z jzj 2 M for all z 2 IR 2 n f0g and x 2 : Next, we will assume that the subdomains 1 for all 2 V . It should be noted that here we have used the fact that fj 2 = 0, which explains the integral over 1 in (3.5). Next, the weak formulation of (2.8) belong to (L 2 ( )) 2 . We are primarily interested in obtaining a bound on the difference v ? v since the velocity eld is used as input to other equations both in reservoir simulation and simulation of metal casting. Actually, in both cases, the pressure is not an important quantity: it is the derivatives of the pressure that is used. To measure the di erence between the velocity vectors we will use the k k (L 2 ( )) 2 -norm de ned at the end of the previous section.
For easy reference, we close this section by stating Poincar e's inequality for V 1 :
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There is a constant c 1 , only depending on the domain 1 4. The convergence results. The purpose of this section is to prove that the solution and the associated velocity eld of (3.5) converges towards the solution and the associated velocity eld of (3.6) as goes to zero. The results have already been stated in Theorems 2.1 and 2.2 in Section 2.
Before we present the proofs of Theorem 2.1 and 2.2, we shall brie y discuss why these results are obtainable. Recall that p is the solution of (3.5). For this problem, a straightforward application of the Lax-Milgram Theorem leads to a bound of the form kp k H 1 ( ) O(1= ). Thus indicating that some sort of problem will arise as tends to zero. However, we shall prove below that this bound is very pessimistic when condition (2.5) is ful lled. In this case, we will show that kp k H 1 ( ) = O(1), thus bounded independent of , and we obtain a well de ned limit. The limit of p on 1 turns out to be de ned by solving the problem on 1 with a Neuman boundary condition on @ 2 .
This procedure is very simple in 1D, and we therefore present a trivial but 4.1. An auxiliary result. As mentioned above, the key point in our analysis is to derive a uniform bound of kp k H 1 ( ) . Hence we start by proving the following result. Now, from (4.9), the fact that @ 2 @ 1 , the boundedness of the trace operator T 1 and (4. ( )) 2 ) 2 2 ; which nishes the proof.
5. The convergence results for discrete problems. We proved above that the approximation described in Section 2 converges in the sense that the error is of order measured in the proper norms. Obviously, equations of the form (1.1) are solved numerically for all practical purposes. Therefore, it is important to verify that similar results hold in the discrete case. In this section we will consider nite element discretizations of (2.4), (2.6) and (2.8), (2.9) and prove that exactly the same convergence properties hold for the nite element solutions, i.e. the error is again O( ) in proper norms. This result will be complemented by a numerical experiment which shows that O( ) is an optimal result.
Before we start deriving the convergence result in the discrete case, let us remark that a rough result can easily be derived by using the triangle inequality, the convergence properties of the nite element method, and the result obtained above. The problem with this straight forward approach is that it leads to an error of the form O(h )+O( ) rather than just O( ). Obviously, for a convergent nite element method the term O(h ); > 0; stems from the discretization error of the nite element method, see for instance Hackbusch 13] or Marti 17] . This rough result indicates an error of order O(h ) as tends to zero. However, by following closely the steps in the proofs above, we can prove that the error, also in the discrete case, is of order .
We start by introducing some notation and by formulating nite element methods for the problems (3.5) and (3.6) above. Let fN 1 ; : : : ; N q g be a set of functions 16 such that N i j ? dir = 0 for i = 1; : : : ; q, and de ne V ;h = spanfN 1 ; : : : ; N q g; V 1 ;h = spanfN 1 j 1 ; : : : ; N q j 1 g; V 2 ;h = spanfN 1 j 2 ; : : : ; N q j 2 g:
Here, the subscript h 2 I, where I is some subset of IR + , is used to distinguish the nite dimensional entities from the corresponding symbols used in Section 2-Section 4. Typically, h is the global mesh parameter for a grid de ned on . Details on how to construct appropriate nite dimensional spaces V ;h , V 1;h and V 2;h can be found in Ciarlet 6] and Marti 17, Ch.8] In order to formulate the convergence results for the nite dimensional problems we must introduce some assumptions on the sets V 1;h , V 2;h , V ;h . To this end, let Furthermore, there exists a constant c 6 independent of and h such that ku h k H 1 ( 2) c 6 kwk H 1=2 (@ 2) :
As mentioned above, we want to derive discrete versions of the results discussed in Section 4 by following the same steps as in the continuous case. In order to do this, the conditions stated above have to be satis ed. In particular, Condition 1 assures that the nite dimensional spaces are subspaces of the appropriate Sobolev spaces, thus making the inequalities of Poincar e and Schwarz applicable for the analysis of the discrete problems. Next, the conditions 2, 3 and 4 allow us to extend functions de ned on 1 to functions de ned on the entire domain . Furthermore, Condition 4 assures that we have a discrete harmonic extension of functions de ned on @ 2 to a function de ned on 2 . The properties of the extended function is completely analogous to the continuous extension used in the proofs of Proposition 4.1 and Theorem 2.1 above.
The conditions 1-4 are typically satis ed for simple geometries as e.g. in our prototype problem depicted in Figure 1 . Generally, conditions 1-3 are easily checked for a given geometry, whereas Condition 4 is harder to verify. This issue is carefully for all ' 2 V 1;h . Now we have made the necessary preparations to formulate our convergence results for the discrete problems (5.1) and (5.2). Since the proofs in the discrete case are similar to those in the continuous case, we leave some details of the proofs out, and try to focus on where the assumptions 1-4 are used. A numerical experiment. Now we turn our attention to a simple test problem. Let the domain speci cations be = (0; 3) (0; 3) and 2 = (1; 2) (1; 2). Moreover, the boundary segments are de ned by ? dir = (x; y) 2 IR 2 ; x = 3 and 2:75 y 3 ; ? neu = @ n ? dir ; see Section 2. Hence, the geometry in our test problem is similar to the domain shown in Figure 1 . Furthermore, we put f = 0, Q = 0, p dir = 0, and g neu (x; y) = The physical interpretation of these functions for our prototype of the pressure equation (2.4) can be found in Section 2. Finally, the mobility tensor is chosen to be the identity matrix, and is given by (2.3).
The experiment described in this section has been carried out for bilinear shape functions on quadrilateral elements, where the values of p ;h or p h corresponding to the four vertices of each element represent the degrees of freedom. That is, for a mesh parameter h such that 1=h and 3=h are integers a uniform grid consisting of 21 quadratic elements with sides of length h is de ned on . The resulting linear system of equations has been solved by the preconditioned conjugate gradient (CG) method, cf. e.g. Meijerink and van der Vorst 18] . All computations have been carried out in double precision on HP 9000/735 workstations. The implementations are based on the C++ class library Di pack, which is under development at SINTEF and the University of Oslo, see Langtangen 16] and 9].
In this case, conditions 1-4 on V 1 ;h , V 2 ;h and V ;h stated above, hold. Hence, Theorems 5.2 and 5.3 apply to our test problem. The problem (5.1) has been solved for = 2 ?n , n = 0; : : : ; 16. For every value of the solution p ;h of (5.1) has been compared with the solution p h of (5.2). The rate of convergence is computed by comparing the results of two successive values of and assume that the di erence kp ;h ? p h k H 1 ( 1) has the form c where c is a constant and is the rate. Table   1 shows the numerical results computed with mesh-size h = 1=60. The estimated rate of convergence, with respect to , clearly tends towards 1:0 as goes to zero. This is in agreement with Theorem 5. Table 1 The table shows the numerical results computed with mesh-size h = 1=60 for our test problem.
Finally, in Figure 2 we have plotted the velocity elds v ;h for = 1=2; 1=4; 1=16 and v h , where v ;h and v h are de ned in (5.7). We observe from the gure, that the velocity eld v ;h converges towards v h as goes to zero.
6. Concluding remarks. A well-known technique for simplifying the pressure and velocity computations in models arising in reservoir simulation and metal casting has been analyzed. In the simpli cation procedures, the domain is changed 22 in order to obtain faster solution methods. In the case of oil recovery, areas of low mobility are ignored, by removing these parts from the solution domain, and the problem is solved on the remaining part. Contrary, in models of metal casting, solid areas in the mushy zone, where the rate of ow is equal to zero, are replaced by low mobility areas. In this paper, these techniques have been analyzed for a prototype of an elliptic pressure equation. Analytical estimates have been derived that bound the errors in the pressure and velocity, due to changing the domain, in terms of the order of mobility in the problem areas. Finally, the theoretical work was complemented by a numerical experiment which showed that the estimates are sharp. 
